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Abstract
We study a novel class of higher curvature gravity models in n spacetime
dimensions which we call Ricci polynomial gravity. The action consists purely of
a polynomial in Ricci curvature of order N . In the absence of the second order
terms in the action, the models are ghost free around the Minkowski vacuum.
By appropriately choosing the coupling coefficients in front of each terms in
the action, it is shown that the models can have multiple vacua with different
effective cosmological constants, and can be made free of ghost and scalar degrees
of freedom around at least one of the maximally symmetric vacua for any n > 2
and any N ≥ 4. We also discuss some of the physical implications of the existence
of multiple vacua in the contexts of black hole physics and cosmology.
∗Correspondence author.
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1 Introduction
In this work, we study a particular class of higher curvature gravity models which we
call Ricci polynomial gravity. Models of higher curvature gravity have been extensively
studied for at least two reasons. One reason is to improve the ultra violet behavior
in the quest for a consistent quantum theory of gravity. The other one comes from
cosmological studies, where the higher curvature corrections play a role for the remedy
of the extra unknown source which is often called dark energy. Of all models of higher
curvature gravity, the most well studied examples are f(R) gravity [1–5] and Lanczos-
Lovelock gravity [6–8]. Other important models include the so-called critical gravity
[9,10], Conformal or Weyl gravity [11–13] and the various versions of massive gravities
[14–19]. Despite the fact that many of the models behave well in one aspect or another,
many of them contain ghost or propagating massive degrees of freedom. In fact, the
ghost free conditions and the removal of massive degrees of freedom impose very strong
constraints in model construction for higher curvature gravities. The actions of the class
of models which we will study have a very particular structure: the whole Lagrangian
density consists of a polynomial of order N in Ricci curvature, with the k-th order
term being
(k)
R = Rµ1µ2Rµ2µ3 · · ·Rµkµ1 . By properly choosing the coefficients in front of
each terms in the Lagrangian density, the models can be made free of ghost as well as
scalar degrees of freedom around at least one of the permitted vacua in any spacetime
dimension n > 2 and for any order N ≥ 4. To our knowledge, this type of higher
curvature gravity has never been studied in the literature before.
2 Field equation and vacuum solutions
Before rushing into the action of the Ricci polynomial gravity, let us first prepare some
notations for later convenience.
For any nonnegative integer k, we define the tensors
(k)
Rµν on the spacetime manifold
(M, gµν),
(0)
Rµν = gµν ,
(1)
Rµν = Rµν ,
(k)
Rµν =
(k−1)
R µσRσν ,
where Rµν is the Ricci tensor. Clearly
(k)
Rµν is a symmetric rank 2 tensor. We define
(k)
R
as the trace of
(k)
Rµν :
(k)
R = gµν
(k)
Rµν .
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Now let us consider the Ricci polynomial gravity of order N in n spacetime dimen-
sions, which may be denoted the RicPoly(n,N) model for short. The action is given
as
S =
1
2κ
∫
dnx
√
|g|
N∑
k=1
αk
(k)
R. (1)
There is a redundancy in parameters because 1
2κ
is an overall multiplying factor which
may be absorbed by rescaling all αk with this factor. To remove this redundancy we fix
α1 to be unity, so that if we choose {αk} = {1, 0, · · · , 0} the standard general relativity
is recovered.
The first order variation of the action reads
δS =
1
2κ
∫
dnx
√
|g|
( N∑
k=1
αk
(k)
Hµν
)
δgµν +
1
2κ
∫
dnx
√
|g|∇σ
( N∑
k=1
kαk
(k)
B σ
)
, (2)
where Bσ is some complicated vector expression which is linear in δgµν and its covariant
derivatives, and
(k)
Hµν = k
(k)
Rµν − 1
2
(k)
Rgµν + k
2
(

(k−1)
R µν + gµν∇α∇β
(k−1)
R αβ)− k∇σ∇(µ(k−1)R ν)σ, (3)
which are divergence-free for all k ≥ 1,
∇µ
(k)
Hµν = 0. (4)
Assuming that we can add an appropriate boundary counter term to cancel the extra
total divergence term in (2), we arrive at the following field equation,
Hµν =
N∑
k=1
αk
(k)
Hµν = 0. (5)
The divergence-free condition (4) ensures that we can supplement the original action
(1) by ordinary minimally coupled matter sources.
Now retaining to the sourceless field equation, it is obvious to see that all solutions
of the equation Rµν = χgµν are also solutions of (5), with the constant χ determined
by
A(n,N)(χ) = 0, A(n,N)(x) ≡
N∑
k=1
αk
(
k − n
2
)
xk. (6)
For arbitrarily chosen coefficients {αk, k ≥ 2}, nonzero solutions to (6) are not guar-
anteed to exist. Nevertheless, χ = 0 is always a solution, which means that Ricci flat
manifolds (including the Minkowski spacetime) are always vacuum solutions of Ricci
polynomial gravity. We will see in the next section that the ghost free condition does
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not allow all the coefficients αk to be chosen arbitrarily. On the contrary, they must be
subject to a set of algebraic constraints, which, when fulfilled, do allow for nonzero χ to
arise as solution to (6). This would, in turn, mean that the RicPoly(n,N) model may be
ghost free and possess multiple vacua with at least some vacuum having nonzero effec-
tive cosmological constant. This explains why we did not include a bare cosmological
constant term (i.e. the k = 0 term) in the action (1).
3 Linear perturbations
Assume that the field equation admits an Einstein manifold with metric g¯µν satisfying
Rµν(g¯) = χg¯µν (7)
as a vacuum, and let us consider fluctuations around this background metric.
The spacetime metric with fluctuation is denoted gµν = g¯µν + δgµν , where δgµν is
to be considered as “small” deviation from the background metric. It is customary to
denote δgµν as hµν , and also h
µν = −δgµν = −g¯µρg¯νσhρσ, h = hµµ, Aµ = ∇νhµν , where
∇µ is the covariant derivative associated with the background metric g¯µν .
Expanding the field equation to linear order in hµν , we get
δHµν =
N∑
k=1
αk
[
kδ
(k)
Rµν − n
2
χkhµν − k
2
χk−1g¯µν(∇σAσ −h− χh)
]
+
N−1∑
k=1
αk+1
[k + 1
2
(
δ
(k)
Rµν + g¯µν∇α∇βδ
(k)
Rαβ
)− (k + 1)∇σ∇(µδ(k)Rν)σ] = 0,
(8)
where
δ
(k)
Rµν = −
(1
2
k∑
i=1
(i−1)
R µα
(k−i)
R νβ∆L +
k−1∑
i=1
(i)
Rµα
(k−i)
R νβ
)
hαβ , (9)
∆Lhµν = hµν +∇µ∇νh− 2
(∇(µAν) +Rρ(µhν)ρ −Rµανβhαβ), (10)
and all curvature tensors appearing in (8)-(9) are evaluated on the background ge-
ometry. The operator ∆L is known as the Lichnerowicz operator. Using (7), we can
simplify (9) into the form
δ
(k)
Rµν = −
(1
2
kχk−1∆L + (k − 1)χk
)
hµν . (11)
Further, if we take the background spacetime to be a maximally symmetric manifold
with
Rµανβ(g¯) =
χ
n− 1(g¯µν g¯αβ − g¯µβ g¯αν), Rµν(g¯) = χg¯µν , R(g¯) = nχ, (12)
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eq.(10) can be simplified into
∆Lhµν = hµν +∇µ∇νh− 2∇(µAν) − 2nχ
n− 1hµν +
2χ
n− 1hg¯µν . (13)
Inserting (13) into (11) and then into (8), we will get the fully expanded linear pertur-
bation equation.
We need to proceed differently for background vacua with χ = 0 and χ 6= 0.
(a) Minkowski background
If χ = 0, i.e. Minkowski background, eq.(8) will be significantly simplified, yielding
α2
[

2hµν + ηµν(h− ∂σAσ)−∂µ∂νh− 2∂(µAν) + 2∂µ∂ν∂σAσ
]
+
[
hµν − ηµν(h− ∂σAσ) + ∂µ∂νh− 2∂(µAν)
]
= 0, (14)
where the second line corresponds to the α1(= 1) terms. The absence of αk(k > 2)
in (14) implies that the terms of order k > 2 do not affect the perturbations around
the Minkowski background, the only complexity comes from the quadratic Ricci tensor
term.
If, in addition, we let α2 = 0, the linearized field equation (14) will be the same
as the linearized standard Einstein equation, which describes a normal massless spin-2
field and so the fluctuation around the Minkowski vacuum is ghost free.
If α2 6= 0, and for example when n = 4, we can decompose hµν into its trace h and
traceless parts by defining
h¯µν = hµν − 1
4
hηµν ,
and choose the gauge
∂ν h¯µν = Aµ − 1
4
∂µh = 0,
then the linearized field equation (14) becomes

(
+
1
α2
)
h¯µν + (ηµν− ∂µ∂ν)
(
− 1
2α2
)
h = 0, (15)
from which we see that either the trace part or the traceless part contains a ghost
degree of freedom. The same is true had we chosen any other spacetime dimensions.
Combined together, we conclude that α2 = 0 should be the ghost free condition in the
case with χ = 0.
(b) (A)dS background
If χ 6= 0, it will be convenient to work in the gauge Aµ = ∇µh. The trace of eq.(8)
gives [
B(n,N)(χ)+ χA
′
(n,N)(χ)
]
h = 0, (16)
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where A′(n,N)(χ) is the derivative of A(n,N)(x) with respect to x evaluated at x = χ,
and
B(n,N)(χ) =
1
4
N−1∑
k=1
αk+1(k + 1)
[
n(k − 2) + 2]χk.
So, as long as A′(n,N)(χ) 6= 0, eq. (16) will describe a propagating scalar mode except
when
B(n,N)(χ) = 0,
in which case we learn from eq (16) that h = 0, and thus Aµ = ∇νhµν = 0, i.e. hµν is
traceless and transverse, therefore eq. (8) becomes
δHµν = −
{C(n,N)(χ)
4χ

2 +
[n− 1
2
− C(n,N)(χ)
] 1
n− 1
+
[(
1− n
2
)
C(n,N)(χ)− (n− 1)
] χ
(n− 1)2
}
hµν = 0, (17)
where
C(n,N)(χ) =
N−1∑
k=1
αk+1k(k + 1)χ
k.
If C(n,N)(χ) = 0, we get (
− 2χ
n− 1
)
hµν = 0, (18)
which describes a massless spin-2 mode; if C(n,N)(χ) 6= 0, eq. (17) can be rearranged
in the form (
− 2χ
n− 1 −m
2
1
)(
− 2χ
n− 1 −m
2
2
)
hµν = 0, (19)
with the two mass parameters m1,2 satisfying
m21m
2
2 = −
n
2
( 2χ
n− 1
)2
.
Thus, in the case when C(n,N)(χ) 6= 0, we will have a massive spin-2 field and a spin-2
ghost.
To summarize, in the case χ 6= 0 and if we wish to remove the propagating scalar
mode altogether, the ghost free condition will read
A(n,N)(χ) = 0, B(n,N)(χ) = 0, C(n,N)(χ) = 0, A
′
(n,N)(χ) 6= 0. (20)
Looking into the detailed structure of the polynomialsA(n,N)(χ), B(n,N)(χ) and C(n,N)(χ),
we will see that whenever the first 3 equalities in (20) are satisfied, we will have
A′(n,N)(χ) = 1−
n
2
< 0 (for n > 2).
6
So the last condition is not really necessary.
An equivalent form of the ghost free condition (20) can be written as
N−1∑
k=1
αk+1χ
k = −
N−1∑
k=1
αk+1kχ
k =
N−1∑
k=1
αk+1k
2χk =
2
n
− 1. (21)
For any N > 1, this amounts to solve N − 1 coefficients out of 3 equations. Therefore,
for N < 4, (21) will give rise to a system of over determined algebraic equations for the
coefficients {αk, 2 ≤ k ≤ N}, and it turns out that such a system of over determined
equations is inconsistent. If N = 4, (21) constitutes a system of determined algebraic
equations, whose solution is characterized purely by the value of n and χ. If N > 4,
(21) constitutes a system of undetermined equations, which implies that N − 4 of the
coefficients {αk} can be chosen arbitrarily. Since χ itself is to be considered as a free
parameter in the action, there will be as many as N − 3 free parameters in the ghost
free RicPoly(n,N) models.
It is worth noting that the above ghost free conditions ensure only the removal of
ghost fluctuations around the vacuum (12). However, since A(n,N)(x) is a polynomial
of order N in x, it can have up to N roots in principle, and each of the roots gives a
vacuum for the RicPoly(n,N) model. So, the removal of ghost fluctuations around one
of the vacua does not imply the removal of ghost fluctuations around other vacua. For
N > 4 models we can take the liberty of deliberately choosing the values of the extra
N − 4 free parameters to make the model ghost free also at some other vacua. For
instance, if N = 5 we can set α2 = 0 to make the model also ghost free around the
Minkowski vacuum. Following the same spirits, for models of even higher order N in
Ricci curvature, we can take the liberty of choosing the free parameters α2, · · · , αN−3
to make the model ghost free around as many as possible vacua, however, it is evident
that it is impossible to make the model ghost free around all vacua. In any case, we
think of the fact that the RicPoly(n,N) model can be ghost free around some of the vacua
but not around all of them as a feature rather than defect, because, in cosmology, ghost
like degrees of freedom are sometimes necessary to facilitate accelerating expansion.
Tables 1 through 3 give the list of coupling coefficients for all the RicPoly(n,N)
models of order N = 4, 5, 6 in dimensions n = 3, 4, · · · , 10 which are ghost and scalar
free around the maximally symmetric vacuum described by (12) with χ 6= 0. We did
not fix the free parameter α2 in the case N = 5 and α2, α3 in the case N = 6, because
there is no obvious reasons to make the model ghost free around which extra vacua
besides the maximally symmetric one given by (12).
It is illustrative to consider the energy for the massless tensor perturbation mode
(18), which may be evaluated via calculating the second order variation of the action
(1) under the maximally symmetric background (12). To be more concrete, since the
first variation of the action (1) reads
δS =
1
2κ
∫
dnx
√
|g|Hµνδgµν = − 1
2κ
∫
dnx
√
|g|Hµνhµν ,
7
n α2 α3 α4
3 − 2
χ
8
3χ2
− 1
χ3
4 − 3
χ
4
χ2
− 3
2χ3
5 − 18
5χ
24
5χ2
− 9
5χ3
6 − 4
χ
16
3χ2
− 2
χ3
7 − 30
7χ
40
7χ2
− 15
7χ3
8 − 9
2χ
6
χ2
− 9
4χ3
9 − 14
3χ
56
9χ2
− 7
3χ3
10 − 24
5χ
32
5χ2
− 12
5χ3
Table 1: Coupling coefficients for N = 4 models
n α3 α4 α5
3 −3α2
χ
− 10
3χ2
3α2
χ2
+ 5
χ3
−α2
χ3
− 2
χ4
4 −3α2
χ
− 5
χ2
3α2
χ2
+ 15
2χ3
−α2
χ3
− 3
χ4
5 −3α2
χ
− 6
χ2
3α2
χ2
+ 9
χ3
−α2
χ3
− 18
5χ4
6 −3α2
χ
− 20
3χ2
3α2
χ2
+ 10
χ3
−α2
χ3
− 4
χ4
7 −3α2
χ
− 50
7χ2
3α2
χ2
+ 75
7χ3
−α2
χ3
− 30
7χ4
8 −3α2
χ
− 15
2χ2
3α2
χ2
+ 45
4χ3
−α2
χ3
− 9
2χ4
9 −3α2
χ
− 70
9χ2
3α2
χ2
+ 35
3χ3
−α2
χ3
− 14
3χ4
10 −3α2
χ
− 8
χ2
3α2
χ2
+ 12
χ3
−α2
χ3
− 24
5χ4
Table 2: Coupling coefficients for N = 5 models
n α4 α5 α6
3 −6α2
χ2
− 3α3
χ
− 5
χ3
8α2
χ3
+ 3α3
χ2
+ 8
χ4
−3α2
χ4
− α3
χ3
− 10
3χ5
4 −6α2
χ2
− 3α3
χ
− 15
2χ3
8α2
χ3
+ 3α3
χ2
+ 12
χ4
−3α2
χ4
− α3
χ3
− 5
χ5
5 −6α2
χ2
− 3α3
χ
− 9
χ3
8α2
χ3
+ 3α3
χ2
+ 72
5χ4
−3α2
χ4
− α3
χ3
− 6
χ5
6 −6α2
χ2
− 3α3
χ
− 10
χ3
8α2
χ3
+ 3α3
χ2
+ 16
χ4
−3α2
χ4
− α3
χ3
− 20
3χ5
7 −6α2
χ2
− 3α3
χ
− 75
7χ3
8α2
χ3
+ 3α3
χ2
+ 120
7χ4
−3α2
χ4
− α3
χ3
− 50
7χ5
8 −6α2
χ2
− 3α3
χ
− 45
4χ3
8α2
χ3
+ 3α3
χ2
+ 18
χ4
−3α2
χ4
− α3
χ3
− 15
2χ5
9 −6α2
χ2
− 3α3
χ
− 35
3χ3
8α2
χ3
+ 3α3
χ2
+ 56
3χ4
−3α2
χ4
− α3
χ3
− 70
9χ5
10 −6α2
χ2
− 3α3
χ
− 12
χ3
8α2
χ3
+ 3α3
χ2
+ 96
5χ4
−3α2
χ4
− α3
χ3
− 8
χ5
Table 3: Coupling coefficients for N = 6 models
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the second variation can be written as
δ2S = − 1
2κ
∫
dnx
√
|g|
(
hµνδHµν + δh
µνHµν +
1
2
Hαβh
αβgµνhµν
)
,
where the last two terms can be dropped becauseHµν vanishes due to the field equation,
and δHµν in the first term is given by (17), if the background metric is chosen to be
(12). Under our choice of ghost free condition C(n,N)(χ) = 0, we have
δHµν = −1
2
(
− 2χ
n− 1
)
hµν ,
and hence,
δ2S = − 1
2κ
∫
dnx
√
|g¯|(hµνδHµν)
= − 1
2κ
∫
dnx
√
|g¯|
(1
2
∇σhµν∇σhµν + χ
n− 1h
µνhµν
)
≡
∫
dnxL2,
where the second equality holds up to a total divergence.
The momentum density that is conjugates to hµν reads
piµν =
δL2
δ(h˙µν)
= − 1
2κ
√
|g¯|∇0hµν .
Therefore the canonical Hamiltonian is
H =
∫
dn−1x(piµν h˙µν −L2) = − 1
2κ
∫
dn−1
√
|g¯|(∇0hµνh˙µν − hµνδHµν)
= − 1
2κ
∫
dn−1
√
|g¯|∇0hµν h˙µν ,
where in the last step we have used the perturbation equation to set δHµν = 0. The
final result for the Hamiltonian is then identified as the energy of the perturbation
mode, which is the same as that for standard Einstein gravity and was known to be
positive [9].
It remains to consider the case B(n,N)(χ) 6= 0, i.e. when the propagating scalar
mode is present. In this case, eq.(16) can be rearranged in the form(
+
χA′(n,N)(χ)
B(n,N)(χ)
)
h = 0,
therefore, depending on the value of the expression
χA′
(n,N)
(χ)
B(n,N)(χ)
, h may corresponds to
either a massive/massless scalar mode, or a scalar ghost mode. Identifying the complete
ghost free conditions when the scalar mode is present will be a complicated task and
we shall postpone it to future works.
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4 RicPoly(4,4): black hole and cosmological solutions
Among the various choices for N and n, the simplest and most promising example case
which is ghost free at least around one of the vacua with χ 6= 0 is RicPoly(4,4). The
action for this simplest model reads
S =
1
2κ
∫
d4x
√
|g|
(
R− 3
χ
(2)
R + 4
χ2
(3)
R − 3
2χ3
(4)
R
)
. (22)
The vacuum structure of this model is governed by the zeros of the polynomial
A(4,4)(x), which, under the ghost free condition, reads
A(4,4)(x) = −3x
4
χ3
+
4x3
χ2
− x.
In this case, there are 4 real roots
xi ≡ Λi = 0, χ, 1
6
(1 +
√
13)χ,
1
6
(1−
√
13)χ, (23)
each corresponds to an Einstein manifold R
(i)
µν = Λig
(i)
µν (i = i, 2, 3, 4) as a vacuum
solution for the model (22). Note that these are not necessarily the same as the
maximally symmetric vacua around which we made linear perturbations in the last
section. Instead, they can be generic Einstein manifolds with effective cosmological
constants Λi. By the way, let us mention that the existence of multiple vacua has also
been observed in [20], which, of course studies a different model of extended gravity.
To be more specific, let us consider static spherically symmetric black hole solutions.
The usual Schwarzschild-(A)dS black holes fall into this class of solutions:
ds2 = −fi(r)dt2 + fi(r)−1dr2 + r2dΩ22, (24)
fi(r) = 1− 2M
r
− Λir
2
3
. (25)
This looks all the same like the standard general relativity with a cosmological constant.
What makes a big difference is that there are simultaneously 4 such solutions with the
same mass parameter M but different Λi given in (23). Since the radii of the event
horizons of the black holes are determined by the equations
fi(r) = 0,
it is clear that black holes of the same mass in Ricci polynomial gravity can have
different radii. Consequently, when considering the thermodynamic behaviors of these
black holes, the temperatures should be different for different solutions. Moreover,
since Ricci polynomial gravity belongs to the class of higher curvature gravities, the
entropies of the black holes should be evaluated by Wald entropy formula rather than
Bekenstein-Hawking formula, and it is naturally expected that they differ from the
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entropies of the black holes with the same metric in Einstein gravity. The entropies for
black holes with different Λi should also differ from each other even though the mass
parameters are identical. These features suggest that there may be rich structures
in the thermodynamics - especially concerning phase transitions - for the black hole
solutions.
Before ending, let us pay a few words on the cosmological implications of the ef-
fective cosmological constants. It is evident from (23) that provided χ 6= 0 (which is
implied when we write the action (22)), the 4 effective cosmological constants will have
different signs. For instance, if χ > 0, then two of the effective cosmological constants
will be possitive, one is negative and one is zero. Different signatures of Λi signifies
different asymptotics of the solutions, and this can have profound implications when
cosmological solutions are being considered. For simplicity, let us present the spatially
flat FRW cosmological solutions of the field equations. The FRW metrics are given by
ds2 = −dt2 + ai(t)(dx2 + dy2 + dz2), (26)
ai(t) = 1, exp
(2√3χ
3
t
)
, exp
(√2χ
3
√
1 +
√
13t
)
, exp
(√2χ
3
√
1−
√
13t
)
. (27)
Some of these solutions are complex and should be neglected. For instance, let us
assume χ > 0. Then the last solution is complex, and we are left with two accelerating
expanding solutions and one non-expanding solution. It is tempting to consider such a
possibility that the universe begins from one accelerating expanding phase, then, after
a short period, experience a phase transition to the non-expanding phase for another
period of time, and finally make a second transition to the other accelerating phase
at late time. This rough picture feels close to the current observational universe, even
without considering the contribution of ordinary matter sources. So, if refined with
ordinary matter contribution, this may led to a useful model for the evolution of the
universe.
5 Concluding Remarks
Our preliminary study has revealed several interesting features of the Ricci polynomial
gravities. First of all, the inclusion of terms of higher order in Ricci curvature improves
the ultra violet behavior. By power counting, such models may be super renormaliz-
able. Secondly, unlike other higher curvature gravity models which often develop ghost
degrees of freedom, the Ricci polynomial gravity models can be made free of ghost as
well as massive degrees of freedom at least around one of their maximally symmetric
vacua, and provided the order N is high enough, the ghost free conditions are not too
restrictive so that there can be as many as N − 3 free parameters in the action. The
existence of multiple Einstein vacua with different effective cosmological constants is
the third feature which may have profound implications in black hole physics as well as
in cosmological contexts. We hope to make deeper understandings about these models
in future works.
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Notes Added
Recently, long after the first version of the present work appeared on arXiv, Y. Z. Li,
H. S. Liu and H. Lu¨ published the paper [21] on arXiv, which also studies some Ricci
curvature-extended gravity models. Their models are quite different from our’s, be-
cause they also included Ricci scalar factors in the Lagrangian. Even though, it is
interesting to observe that the so-called quasi-topological conditions in [21] is actually
a synonym to our ghost free condition. In this sense, our models under the ghost
free conditions actually belong to a simpler class of quasi-topological Ricci polynomial
gravity models as compared to those in [21].
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